Introduction
The Ornstein-Uhlenbeck semigroup on the classical Wiener space X (and actually, on much more general Gaussian spaces) can be defined by the following formula:
where µ denotes the Wiener measure. This corresponds to an extension to finite dimensions of the Mehler's formula. There are other ways to introduce this semigroup, notably through its action on the finite dimensional Wiener chaos or by associating the semigroup to the generator, the so-called Ornstein-Uhlenbeck operator, and constructing the correspondent diffusion. For this last approach one can proceed at least in two different ways: using Dirichlet form theory ( (p − 1) + 1, p > 1. This semigroup plays an important rôle in Malliavin calculus ( [19] ). And it corresponds to the number operator, a fundamental object in Quantum Mechanics and in Quantum Field Theory.
How can one define such an object on the path space of a Riemannian manifold? The Mehler's formula or the chaos decomposition approaches are not available in the nonlinear setting. The first construction of the Ornstein-Uhlenbeck semigroup on the curved path space was done via Dirichlet form theory by Driver and Röckner ( [11] ). The corresponding Ornstein-Uhlenbeck process was defined by Kazumi by solving the associated martingale problem in [15] , where an expression for the generator was also derived. The Norris "twisted sheet" ( [20] ) correspond to the two-parameter stochastic process approach. In fact this last construction gives exactly the Driver-Röckner process only when the Ricci curvature of the underlying manifold is zero.
In [7] a systematic approximation of the geometrical objects on the path space by finite dimensional ones was defined and studied. The (Driver-Röckner) Ornstein-Uhlenbeck semigroup, in particular, was approximated by semigroups defined on finite dimensional manifolds and convergence in the weak sense was proved. In this work we show the strong (L
with initial condition r x (0) = r 0 defines a flow of diffeomorphisms on O(M ), the lift of the Brownian motion associated with ∆ M (cf. [19] ).
We consider the path space
This space is endowed with the Wiener measure µ (the law of the Brownian motion on M ) and with its natural past filtration. The path space of R d , the classical Wiener space, will be simply denoted by X. The Itô map I : X → P m 0 (M ), namely I(x)(τ ) = π(r x (τ )) was defined in [19] as a map which is a.s. bijective and provides an isomorphism between the corresponding Wiener measures.
The path space geometry constructed in [4] is a Cartan-type moving frame geometry based on the parallel transport along Brownian paths, which was constructed by Itô as an extension of the parallel transport over smooth trajectories. The Itô parallel transport along a path p ∈ P m 0 (M ) is defined by
where r p is the horizontal lift of p.
For a cylindrical functional on the path space 
These operators are closable in L q , q > 1, with respect to the norm
(Z(τ )) belongs to the Cameron-Martin subspace H of the Wiener space, then we can also define derivation along the "vector field" Z by
Differential calculus on the path space of a Riemannian manifold can be "transported" to differential calculus on the Wiener space through the Itô map. The price to pay is that Cameron-Martin tangent space is not preserved. This phenomena leads to a necessary extension of the tangent space and the definition of the so-called tangent processes (cf. [10] , [4] ). The corresponding result is the following: Theorem 2.1. (Driver [10] , Fang-Malliavin [12] and Cruzeiro-Malliavin [4] 
where Ω denotes the curvature tensor of the manifold read on the frame bundle (Ω r (u, v) = r
furthermore we have the intertwinning formula
One consequence of the intertwinning formula is Bismut's integration by parts formula (cf. [4] ), namely
which holds for adapted Cameron-Martin vector fields Z and functionals F ∈ L 2 whose derivative is also in L
2
. We shall write
In [11] the Ornstein-Uhlenbeck Dirichlet form
was defined and studied. In particular a process and a corresponding semigroup can be associated to it. The generator, computed on cylindrical functions of the form
) has the form (cf. [15] and also [5] ):
This operator coincides with the Norris Ornstein-Uhlenbeck operator when the Ricci curvature of the manifold M is zero. We shall denote by T t the semigroup associated with L.
Finite dimensional approximations
Following [7] we consider, for a finite partition of the time interval P = {0 = s 0 < s 1 < ... < s n = 1}, the space of piecewise geodesics paths which change directions only at the partition points, namely:
The development map I n is a diffeomorphism between the spaces 
is the finite dimensional Gaussian measure on H n . For ε ∈ [0, 1], we consider the following spaces:
and therefore is a differentiable manifold. We associate to v ∈ M n ε the piecewise geodesic curve σ v defined by linking the points v i , v i+1 by the minimizing geodesic.
Under the maps π 
On M n ε we consider the measure ν n,ε :=φ 2 n dν n and on H n ε the measure µ n,ε := ϕ
For a function f on M n ε we define its lift to path space as follows:
Finely, for f defined on path space, its projection to M n ε is given by 
denoting the divergence (i.e., the L 2 dual of the derivative) with respect to the measure dν n,ε .
In [7] we have proved the following results:
Now we denote the resolvents associated to the Dirichlet forms (E, D(E)) and (E
(P m 0 (M )). Then, for any α > 0, we havẽ
Concerning the convergence of the semigroups, we have: 
g n denoting the projection of g.
Strong convergence results
A classical Trotter-Kato theorem ( [22] ) states that convergence of the resolvents is equivalent to convergence of the semigroups. Moreover, for Feller semigroups, this convergence is equivalent to the one of the generators (corresponding to Feller process) (cf. [14, p.331, Theorem 17.25]). However, in these results, all the objects are defined on the same space. Sometimes, and this is the case in our finite dimensional approximation scheme for the path space, the operators are defined on different spaces. We shall follow the method used by Röckner and Zhang to prove the convergence of semigroups starting from the generators' convergence. Our result will be stated in a general frame.
Let {H n , · n , n = 1, · · · , +∞} be a sequence of separable Hilbert spaces, {(X n , µ n ), n = 1, · · · , +∞} a sequence of measure spaces. We now consider the separable Hilbert spaces of L
When n = +∞, we shall omit it for the simplicity of notation. We make the following assumptions:
, the linear embedding map is given by i n , which satisfies that for each
. Then for any λ > 0 and m ∈ N, we have
Proof. It suffices to prove this for m = 1. We take a family of functions f m ∈ C such that
Let n tend to infinity, by the assumption (iii), we obtain 
g n converges uniformly (with respect to n and t
are contractive, we have
On the other hand,
Therefore
which yields the result.
. Then for any T > 0, we have
Proof. We first prove this for special g and
Then from Proposition 4.1, we know
Since T (n,β) t can be written as
by Lemma 4.2 and Hille-Yoshida approximation, changing the order of the limits we obtain
where we used Lebesgue's dominated convergence theorem in the third step.
Next we prove this for arbitrary
First letting n → ∞, and then k → ∞, we get
we complete the proof.
Some properties of the O.U. semigroup
In [8] we have shown some properties that hold in the general theory of Dirichlet forms for self-adjoint Markovian semigroups. They hold in particular for the Ornstein-Uhlenbeck semigroup on the path space we have been studying.
For example, for α > 0 and any exponent 1 < p < ∞, we have , was also derived in [8] . This property had been previously proved by [13] using different methods.
The semigroup also satisfies the following Harnack inequality:
An Harnack theorem for the corresponding heat kernel has been announced in [6] . Finally we also refer to [9] , where a Littlewood-Paley type inequality on the path space was proved.
The lifted semigroup
In [4] a Markovian connection on the path space was introduced in order to renormalize the Levi-Civita connection, which produces a divergent curvature. If Z 1 , Z 2 are adapted vector fields, and z i (·) = t p 0←· (Z(·)), i = 1, 2, are the corresponding Cameron-Martin vectors, the Markovian connection is defined by
where Ω denotes the curvature tensor of the manifold M and •dx stands for Stratonovich stochastic integration. Here we have identified the covariant derivative with its image through the parallel transport.
In [7] we have defined on the finite manifold M n ε a Markovian connection which is Riemannian : for any smooth vector fields
where
The operator L n can be lifted to the frame bundle
where π denotes the canonical bundle projection. Furthermore, if Z is a vector field on M n ε and F Z (r) = r −1 (Z) ∈ H n denotes its scalarizition, we have:
On the other hand, an operator L on vector fields on the path space associated to the Markovian connection was defined in [3] . For cylindrical vector fields Z ∈ C(H) = {Z(p) = In [7] we have proved the following: 
This weak convergence can be improved by the methods described in paragraph 4 that strong (L 2 ) convergence holds.
